I describe a particle projection technique in parts of space, which eschews the need to evaluate Pfaffians in the case of overlap of generalized Slater determinants or Hartree-Fock-Bogoliubov type of vacua.
Introduction. In practice sometimes one is interested in decomposing a many-nucleon wave function restricted to a part of the space into components with integer number of fermions, when the total wave function is not characterized by a good particle number. The simplest case is that of two nuclei colliding within the Hartree-Fock approximation. After the collisions the receding wave packets are typically not characterized by good particle numbers.
Projecting the particle number in part of the space in the case of a single Slater determinant. [1] I assume that the space has two (or more) partitions, the "left" (z < 0) and the "right" (z > 0) half-spaces, characterized by the corresponding particle number operatorsN L,RN L,R = dξΘ(∓z)ψ † (ξ)ψ(ξ)
where ψ † (ξ) and ψ(ξ) = n a n φ n (ξ) are field operators, φ n (ξ) = ξ|n = 0|ψ(ξ)a † n |0 , |0 is the vacuum state, ξ = r, σ stands for spatial r = (x, y, z), spin σ =↑, ↓, and isospin τ = n, p coordinates, Θ(z) is the Heaviside function, and the integral stands for the integral over spatial coordinates and summation of spin coordinates. a † n and a n are the creation and annihilation operators for single particle states with wave functions φ n (ξ). The total average numbers of particles in the "left" and "right" half-spaces are naturally given by the expressions
where the sum is over occupied single-particle states. In the subsequent formulas one should make a distinction between the operatorN and its respective expectation values N . Obviously, one can separate the entire space in arbitrary ways, e.g. the interior and the exterior of a sphere.
The particle projectors on half-space L and R arê
Eq. (4) is obtained by expanding the exponential and using Θ 2 (∓z) ≡ Θ(∓z). The probability P R (N ) to find exactly N particles in the "right" half-space is given by [1] 
The action of the operator e iηN L,R on a Slater determinant is equivalent to a fictitious time-dependent evolution of the single-particle states in an external field only Θ(∓z) and therefore
where I used the relation e iηΘ(∓z) = 1 + Θ(∓z)(e iη − 1).
By diagonalizing at first the matrix O nm (η) the numerical calculations are greatly simplified. If the eigenvalues of the overlap matrix φ n |Θ(z)|φ m , which is Hermitian positive semi-definite, are 0 ≤ α n ≤ 1, then
and similar formulas for the particle number probability P L (N ). Note also that N R = n α n . Obviously, the following relations hold
To illustrate the formalism, let me consider here an idealized case of the collision of two "hydrogen atoms," each initially with an electron in its respective ground state when they are infinitely separated (z → ∞ for t → −∞). The "nuclei" will follow a classical trajectory and only the "electrons are treated quantum mechanically. The initial "electronic" wave function is a Slater determinant of two arXiv:1907.03056v1 [nucl-th] 6 Jul 2019 orthonormal single-particle wave functions
where z = (b, 0, z) and 2b is the impact parameter. After the collision the Slater determinant will have a similar structure and the overlap matrix Eq. (8) will be
which, after using Eq. (11), will lead to exactly one particle per "nucleus" in the final state, as one would naturally expect in this case.
Projecting the particle number in the case of a generalized Slater determinants. In the case when pairing correlations are present the nucleus wave function in the canonical basis is given by
where u 2 n + v 2 n = 1 and n andn denote time-reverse single-particle states. In order to project the particle number one introduces a rotated in the gauge space wave function, in which case
and Φ N has exactly N -particles and
where only even N particle states contribute to the sum.
In an unitary transformation generated by the operator e iηN one would consider instead u n → e −iη u n , v n → e iη v n , which would lead to a total wave function with a different overall phase 
for a uniform single-particle spectrum εn ∝ n, n = 1, 2, ..., ∞, µ = 34, and ∆ = 2.5.
take the limit Ω → ∞, or at least consider Ω A, in which case
and use the appropriate regularization and renormalization procedures for calculations.
The overlap Φ|Φ(η) = n |u n | 2 + e 2iη |v n | 2 is a periodic function with period π and hence the probability to find exactly N particles (as when N is even and there are N/2 pairs) is given by the Fourier transform of Φ||Φ(η)
Notice that the integrand vanishes iff η = ± π 2 and at least for one n also |v n | 2 ≡ the imaginary part of the quantityZ(η) 
for a quite large number of values of N around the mean value N 0 , using a relatively small number of quadrature points, after establishing that the integrand is not a fast oscillating function of η for N very different from N 0 . The additional factors e −iN η and e iN η cancel in Eq. (27) and were introduced only to reveal the properties of the integrand. Since the integral is real the formula can be simplified
Particle projection in part of the space in the case of a generalized Slater determinant. During time evolution initially time-reversed single-particle states in general cease to satisfy time-reversal symmetry, e.g. in the presence of a time-dependent external magnetic field, and in that case one should use the more general formulas below, see Eq. (55). In Eqs. (18), (20), and (24) above no projection on a "half"-space is implied.
In the case of a generalized Slater determinant |Φ the total wave function rotated in the gauge space is obtained in a similar manner to the Hartree-Fock case discussed above on projecting on particle number on the "right" half-space. Especially when discussing time-dependent problems, in particular well separated spatially fission fragments, the most convenient representation is in the real space, when the creation and annihilation quasiparticle operators are represented as [3] 
and the reverse relations
where ψ † (ξ) and ψ(ξ) are the field operators for the creation and annihilation of a particle with coordinate ξ. The normal number (Hermitian n = n † ) and anomalous (skew symmetric κ = −κ T ) densities are
and where
The result of the "gauge" rotation on the quasiparticle wave functions, which leads to a similar transformation to Eq. (19), is defined as
One can now introduce the new quasiparticle creation and annihilation operators
The anti-commutation relations for these operators are
These operators are similar to the operators obtained with non-unitary transformations by Balian and Brezin [4] , which preserve Eq. (41). One can establish that
where
with A kl (0) = δ kl and B kl (0) = 0. Using the technology described by Balian and Brezin [4] , Ring and Schuck [3] in Appendix E, and by Mizusaki et al. [5] one can show that
with N (0) = 1 and the last relation is known as the Onishi and Yoshida formula [3] [4] [5] [6] . The overlap Φ|Φ(η) becomes in this case
and where v k,l 's are the v-components of the quasiparticle wave functions and the indices k and l run over all single-particle states, e.g. both n and its counterpartn, for which u n = un and v n = −vn in the representation where the number density n(ξ, ξ ) is diagonal and the anomalous density κ(ξ, ξ ) is anti-symmetric 2 × 2 blockdiagonal [3, 7] . For stationary states there is no sign ambiguity in choosing the sign of the square root in Eq. (49) [8] . Again, since the matrix O is Hermitian (and also positive semi-definite) it can be diagonalized. The probability to find N particles in the "right" halfspace is given in this case by
where 0 ≤ β l ≤ 1 are the eigenvalues of overlap matrix O, see Eq. (50), and
The above formulas can be simplified a little bit further, as P R (N ) is real and Eq. (51) can be reduced to
A factor 1 + (e 2iη − 1)β l is zero if and only if both η ≡ ± π 2 and β l ≡ 1 2 , thus exactly at the upper and lower limits of the integration interval only. Therefore there is no ambiguity in this case as well for choosing the sign of the square root. With the replacement Θ(z) → 1 and after the diagonalization of the matrix v l |v k one recovers the canonical basis result, see Eq. (24).
The particular case when the generalized Slater determinant |Φ is represented in the canonical basis, and when the states n andn do not anymore satisfy the timereversal symmetry, follows from Eq. (51). The comments made above, see Eqs. (26) and (27), about the oscillatory character of the integrand apply here as well. In particular one also has N R = 2Ω l=1 β l . And finally, for the "left" half-space one obviously has P L (N ) = P R (A − N ).
Note the difference between Eqs. (8) and (24) (where there is no square root) and Eqs. (49), (51), and (53) (where there is a square root). When pairing correlations vanish one naively expects that Eqs. (8) and (24) and (49) and (51) should agree. However, in the case of ordinary Slater determinants the projected value of N and the dimension of the matrix O can be even or odd, and for that reason the integration interval on η is [−π, π]. For generalized Slater determinants the dimension of the matrix O is always even and the integration interval is now [−π/2, π/2]. When there are degenerate time-reversal orbitals n andn, after extracting the square root in Eq. (51) one is left with half the number of factors in the product, as in the case of Eq. (24), where there is no square root. In Eq. (24) the product runs only over n states, but not over their time-reversed partners n. Therefore Eq. (24) agrees with Eq. (51) in the case when there are degenerate time-reversed orbitals. One can project in this case only on even particle numbers N in the "right" half-space. The generalization to a system with pairing correlations and odd particle numbers is straightforward [3] .
Recently Mizusaki et al. [5] clarified the reasons why the Onishi and Yoshida formula does not have a sign ambiguity, particularly in the case when the size of the Fock space is finite, as is the case in the overwhelming majority of numerical implementations. They have proven that Onishi and Yoshida [6] and Robledo [9] formulas for the norm overlaps are identical in this case. An different approach to evaluate number of particles in fission fragments was recently suggested by Verrière et al. [10] .
There is a generalization of Eq. (51) to the case when in the "right" half-space there are fragments with an odd particle number, which can happen for example when during time-dependent evolution Cooper pairs break up and partners in initially time reversed orbitals can end up in different half-spaces. This is achieved by replacing 2η → η in Eq. (37), which leads to obvious changes in the ensuing equations for both even and odd N values and the integration interval changes to [−π, π]. Namely
where as before 0 ≤ β l ≤ 1 are the eigenvalues of the matrix O, which was defined in Eq. (50), but now N can be both an even or an odd integer. One can convinced oneself that there is no sign ambiguity in extracting the square root in this case either, following the same kind of argument I presented above.
Extension to projecting the angular momentum. In the case of 3D rotations one can develop a similar projection technique. For simplicity let me consider a oneparameter group transformation, e.g. rotation around a single axisR(η) = e iĴxη perpendicular to the symmetry axis of a nucleus [11] , and the corresponding transformation of the components of the quasiparticle wave functions
Typically one would rotate both u-and v-components of the quasiparticle wave functions. Since one typically is interested only in the matter densities it is not necessary to rotate the u-components as well, similarly to Eqs. (38) and (39). In this case the overlap matrix element Φ|Φ(η) is given by
In the canonical basis the matrix v l |v k is diagonal and sinceR(η) = e iJxη , one can then prove that both matrices v l |v k and v l |R(η)|v k can be diagonalized simultaneously. Let me denote the eigenvalues of the matrices v l |v k and v l |R (η)|v k with v 2 n and w 2 n e iλn , respectively. The sign of the overlap matrix element Φ|Φ(η) is ill defined for some values of η if and only if for at least for one n one has w 
